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NORMS OF HANKEL OPERATORS AND UNIFORM ALGEBRAS

TAKAHIKO NAKAZI

ABSTRACT. Two generalizations of the classical Hankel operators are defined
on an abstract Hardy space that is associated with a uniform algebra. In this
paper the norms of Hankel operators are studied. This has applications to
weighted norm inequalities for conjugation operators, and invertible Topelitz
operators. The results in this paper have applications to concrete uniform
algebras, for example, a polydisc algebra and a uniform algebra which consists
of rational functions.

0. Introduction. Let X be a compact Hausdorff space, let C(X) be the algebra
of complex-valued continuous functions on X, and let A be a uniform algebra on
X. For 7 € M4, the maximal ideal space of A, set Ag = {f € A: 7(f) =0}. Let m
be a representing measure for 7 on X.

The abstract Hardy space HP = HP(m), 1 < p < 0o, determined by A is defined
to be the closure of A in LP = LP(m) when p is finite and to be the weak*-closure
of Ain L*® = L*(m) when p = oco. Suppose Hf = {f € H?: [, fdm = 0},
K§ ={feLP: [,fgdm =0 forall gin A} and KP = {f € LP: [, fgdm =0
for all g in Ag}. Then H§ C K§ and HP C KP. Moreover put Ko = K§ N C(X)
and K = KP NC(X). Then Ay C Ko and A C K.

Let Q(Y) be the orthogonal projection from L? to K(z, and Q) the orthogonal

projection from L? to Hg. For a function ¢ in L* we denote by M, the multipli-
cation operator on L? that it determines. The two generalizations of the classical
Hankel operators that we consider in this paper are defined as follows. For ¢ € L>®
and f € H?

HOf=QUMyf  (5=1,2).

If A is a disc algebra and 7(f) = f(0) where f denotes the holomorphic extension of
f € A, then 7isin M 4. Let m be a normalized Lebesgue measure on the unit circle;
then m is a representing measure for 7. Then H? is the classical Hardy space and
HZ = K2. Hence H;l) = Héz). It is well known that ||Hi1)|| = ||H¢§,2)|| = |l¢p+H>=|
where ||¢ + H®| = inf{||¢ + g|loc: ¢ € H*®}. This is Nehari’s theorem (cf. [11,
Theorem 1.3]). However generalizations to uniform algebras are unknown except
for Corollary 2.1.1 in [4]. This appears to be due to the lack of a factorization
theorem of H', that is, if h € H' and [, |h|dm < 1, then h = fg, f € H? and
g € H? where [, |f|*dm < 1and [, |g|?dm < 1.
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In this paper we will study the relation between ||Hé1)|| and [|¢ + H*||, and

between ||H, f)ll and ||¢ + K*|| in general uniform algebras. The main idea of this

paper is that we consider Hankel operators on vH? for every nonnegative invertible
function v in L*°. Two applications of our results to Hankel operators are given.
One of them is an application to a Helson-Szego theorem (cf. [8]) in a general
uniform algebra. The other is an inversion theorem (cf. [13]) for Toepliz operators
in a uniform algebra.

In §1, the norms of Hankel operators are studied in general abstract uniform
algebras. In §2, the norms of Hankel operators are calculated more accurately in
special uniform algebras. In §3, applications of results in §§1 and 2 to weighted
norm inequalities for conjugation operators in uniform algebras are given. In §4,
applications of results in §§1 and 2 to left invertible Toeplitz operators are given.
In §5, we give concrete examples for which we can apply theorems in previous sec-
tions. That is, a uniform algebra which consists of rational functions on a multiply
connected domain, a subalgebra of a disc algebra which contains the constants and
which has finite codimension, and a polydisc algebra.

1. Hankel operators and general uniform algebras. Let v be a nonnega-
tive function in L™ with v=! € L. Let QS be the orthogonal projection from L2
onto (vH?)t = v‘lfg and QY the orthogonal projection from L? onto v‘lﬁg.
If v is a constant function then Qf,]) =QU (=1,2). For ¢ € L*° and f € vH?

HY" = QPMyf  (7=1,2)
If v is a nonzero constant then Hd()j)” = Héj) (j = 1,2). Put (L®);' = {v €
L>®:v~1 € L* and v > 0}.
THEOREM 1. Let ¢ be a function in L*°, then

sup  [[HP| = (1@ + K.
ve(L>=);!

If K= is dense in K! then
sup [[HY"| = |l + H®||.

ve(L>=) !

PROOF. We shall prove the theorem only for H él)v. For H* is always dense in
H'! and so the proof for Hf)v is similar. By definition,

IHSD | = sup{|(HVY (vf), v~ '9)); f € H?, g € K3, [vfll2 <1, [lv'g]l2 < 1}

= sup {‘/x ¢fgdm

< sup{l/ d)hdml che K|l < l}
X
= ¢+ H*||.

Jenge K ofl < 1l ol <1

It remains to show that sup, HH(;I)”H > ||¢ + H®||. Let h € K§° and set E, =
{r € X; 0 < |h(z)| < 1/n}, so m(E,) — 0. Put Fy = {z € X;h(z) = 0} and
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F, = {z € X;|h(z)| > 1/n}. Define u, by the formula

1, z€E,,
un(z) = n, T e FO,
|h(z)|~1/2, reF,
(see [4, Lemma 2.1]). Clearly u, € (L%)7'.

/|h|2u’;’,dm=/ |h|2u3,dm+/ |h|2u§dm+/ |h|2u2 dm
X E, Fo Fn
=/ |h|’~’dm+/ || dm
E, F,

g/ |h|dm+/ |h|dm:/ Ih| dm.
n Fn X
On the other hand,

/Xu;2dm =m(E,) + (%) m(Fy) + /Fn |h| dm.

If v, = u,! then

/ thdm‘ — (6vn, v= )
X

1/2 1/2
< O™ (/X |vn12dm) (/X |v;’h|2dm> |

Since lim,, [y |va|? dm = [y |h|dm and limy, [y [v;'h|>dm < [ |h|dm,

‘ / ¢hdm'gsup||ﬂgl>”"1| / Ih| dm.
X n X

The annihilator of K§° in L™ is H* because K& is dense in K} by hypothesis.
By duality,

lg+H®|< sup [HDL.
1J€(L°°);l

COROLLARY 1.1. If ¢ = f/f for some nonzero f in K then ||H$)|| = |l¢+
H®|| =1. If ¢ = f/f for some nonzero f in HE then ||H£2)|| =g+ K| =1
and so |HSV| = |H?|.

PROOF. If ¢ = f/f and f € K3 is nonzero, set g = f/||f|l2. Then ¢ = /g and
|(H§,l)g, 3)| = [x 9> dm = 1. Theorem 1 implies ||H<§,1)|| = ||¢ + H®|| = 1. The
second assertion can be proved similarly.

2. Hankel operators and special uniform algebras. Let d4 denote the
Shilov boundary of A and N, denote the set of representing measures for 7 € M4
whose support is contained in d4. Suppose N is finite dimensional and equal to n.
Let m be a core point of N; and let N°° be the real annihilator of A in L. Then
dim N® = n and 4 + Ag + N is weak*-dense in L™ where N® = N® + {N*®°
(cf. [7, p. 109]).

Set € = exp N*°; then £ is a subgroup of (L®);'. If n =0 € = {1} and so the
following theorem gives Corollary 2.1.1 in [4], that is, ||H§,1)|| = IIHf) | = llo+H>|.
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THEOREM 2. Let ¢ be a function in L, then
sup [ H{VY| = lo + H*|
vel

and

sup [|HP"|| = |¢ + H® + N>|.
veé

PROOF. Ifv € (L)' then logv = u+ug where ug € N> and u is in the weak*-
closure of Re A (cf. [7, p. 109]). Then u = log |h| for some invertible function h in

H® and so v = |h|vy where vy = e“0. Hence vH? = b(voH?), v“lﬁg = b(vo_lﬁg)
and v‘lfg = b(vo_lfg) where b = |h|/h. Then Q%) = MyQY M, and so Hé,’)v" =
M;QY) MyM,. Hence

IHS™ || = sup{||M;QY My My(vo )2 v0f € voH? and fluof|l2 < 1}
= sup{[|QY) My (buo f)|2; bvo f € vH? and [|bvo f|2 < 1}
= |HY”|.
Thus for any v € (L°°);1 there exists vg € £ such that for j = 1,2
IHY” | = | H™|.

Thus _ '
sup |HY"| = sup [HG|| for j = 1,2.
ve(Le) ! veé
Now the theorem follows from Theorem 1 because K> = H*® + N&° (cf. [7, pp.
106-109)).

We now consider a more special uniform algebra, that is, we assume that m is
a unique logmodular measure. Then the linear span of N Nlog |(H*®)™1| is N*®
(cf. [7, p. 114]). Choose hy,...,h, € (H®)™! so that {log|h;|}?_, is a basis for
N>. Put u;j = log|hs| (1 <j <n)and & = {exp(>_—, sju;): 0 < s; < 1}. Then
50 cé€.

THEOREM 3. Suppose m is a unique logmodular measure for 7. If ¢ 1is a func-
tion in L™, then there exist t; and ty in & such that

|G | = llo+ Bl and [|H"™| = ¢+ H® + N
PROOF. If v € £ then v = |h|vg for some h € (H*°)~! and some vy € &. Hence
vH? = b(vgH?) for b = |h|/h. Then as in the proof of Theorem 2

sup |HY" |l = sup |H”||
ve&o vel

By Theorem 2 there exists a sequence {v;} in & such that HHq(Sl)v’ | < ||H(§,1)""“l I

and lim;_, HHél)”‘H = ||¢ + H*®||. Since v; € &, v = exp(Z:?=1 sjiuy) and 0 <
s;1 <1 (1 <j < n). By passing to a subsequence, if necessary, we can assume
that sj; converges to a function s; for each j, and [sj| < 1 (1 < j < n). Put
t1 = exp(3_7_, s;u;); then t; € & and ||H(§,m1 | = |l¢+ H>|. For Hf)" the proof
is similar.
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3. Weighted norm inequalities. Let P be the orthogonal projection from L?
to H2. P() denotes P restricted to A+Ko and P(®) denotes P restricted to A+ Ay.
We are interested in knowing when P() (5 = 1,2) is bounded in L?(w) = L2(w dm)
where w is a nonnegative weight function in L. That is, we want to find the weight
functions w for which there is a positive constant ~ such that

/lf|2wdmm/ f+3lwdm,  feA geKo
X X
or

/lflzwdeV/XIf+él2wdm, JEA, g€ Ao
X

In case A is a disc algebra, such weight functions w are well known. Then Ko = Aq
and so P(1) = P(?), PU) is bounded in L?(w) if and only if w = |h|? for some outer
function h in H? and ||¢ + H*®|| < 1 where ¢ = |h|?/h?. This result is called the
Helson-Szego theorem. The Helson-Szegé theorem was generalized by [5, 9 and 10]
in case N, = {m}. However in case N, # {m} it has not been generalized. This
is probably due to the lack of a factorization of H! functions similar to norms of
Hankel operators.

In this section we shall study weighted norm inequalities in general uniform
algebras. These can be obtained easily using the theorems in §§1 and 2. Let
v € (L®);! and let P, be the orthogonal projection from L? onto vH2. PV

denotes P, restricted to vA+v~ 1Ky and Py) denotes P, restricted to vA+v~1Ay.

PROPOSITION 4. Suppose K is dense in K'. Let w = |h|? for some outer
function h in H?, i.e. hA is dense in H?. Moreover suppose hK is dense in K2.

Let ¢ = |h|?/R2. P is uniformly bounded in L?(w) with respect to v € (L)t
if and only if |¢ + H®| < 1. PV is uniformly bounded in L%(w) with respect to
vE (L°°);1 if and only if || + K*°|| < 1.

The proof follows easily from Theorem 1.

PROPOSITION 5. Suppose dim N, = n < 0o and m s a core point of N,. Let
w = |h|? for some outer function h in H? and ¢ = |h|2/h2. P{? is uniformly
bounded in L*(w) with respect to v in € if and only if ||¢ + H*®| < 1 and P{V is
uniformly bounded in L*(w) with respect to v € € if and only if ||p+H®+ N>°|| < 1.

The proof follows easily from Theorem 2 or Proposition 4.

Suppose m is a unique logmodular measure in N,. Then any k in H? with
log |[k| € L! has the form: k = Fh where F is an inner function and h is an outer
function (2, p. 138]. We call a function F in HP an inner function if |F| € £. If
logw € L! then w = |k|? for some k in H? |2, Theorem 10.3].

THEOREM 6. Let m be a unique logmodular measure in N,.
(1) Suppose N* C C(X). {2 is bounded in L%(w) for every v in & if and
only if w=t € LY, w = |k|? for some k in H? and
I1k[?/k> + H®/F?|| < 1
where F' is an inner part of k.

(2) P{V is bounded in L?(w) for every v in & if and only if logw € L', w = |k|2
for some k in H? and | |k|?/k? + K /F?|| < 1 where F is an inner part of k.
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PROOF. (1) If P{*) is bounded in L?(w) for every v in & then there is a positive
constant vy such that

[ 1Pudm <o [ 17+ gPuim,  gea, ge ot NE
b's b's
Let f =1 and g € Ag. Then

1
/ |1+ g|2 wdm > ;/wdm>0.
X

Since m is a unique logmodular measure, log w belongs to L! (2, p. 145]. Hence for

foin Ap
/ |1+ fol?>wdm > exp/ log wdm
b X

by Jensen’s inequality. Thus

1
/|1+f0+§|2wdm2—exp/logwdm>0
X ’7 X

for any fo € Ap and g € Ag + N°. It is easy to see that w=! € L! (cf. [12,
Theorem 4.3.1]). Since logw € L', w = |k|? for some k € H? and so k = Fh where
F is an inner function and h is an outer function. It is easy to see that for every
DAS 50

cos(vA, v (Ag + N®)) = sup {./ fgwdm
b

/|Uf|21UdeI,/ Iv_lgIdem§1}<1
X X

because P{*) is bounded in L%(w) for every v € &. As in the proof of Theorem 3
we can show that there exists a vg € & such that

sup cos(vA, v (Ag + N2°)) = cos(voA, vy (Ao + N°)).
vE&p

Thus setting ¢ = |k|?/k? we get

sup{‘/XFzgqbdm\:L|F2g|dm§1,g€Ké}<l.

By duality ||¢ + (F2)"!H®°|| < 1. The converse is easy to show.
The proof of (2) is similar to that of (1).

4. Toeplitz operators. For ¢ € L let T4 be the operator on H? defined by
Ty f = P(Myf). The operator Ty will be called a Toeplitz operator. Suppose ¢ is
a unimodular function in L. We want to know when Ty is left invertible. In case
A is a disc algebra, Widom (cf. [13]) showed that T, is left invertible if and only
if |¢ + H*®|| < 1. In this section we shall study the inversion theorem in general

uniform algebras.
For ¢ € L® and v € (L*®);" let Ty be the operator on vH? defined by

Tyf = PY(Msf). Let IY be the identity operator on vH?. Then (Tg)*Ty +
(Hél)v)*H;l)v = I”. Hence if K* is dense in K!, by Theorem 1,

sup  (T3)"' Ty - I"|| = llo + H™||.
11€(L°°);l

i fE€A geAg+ N°,
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PROPOSITION 7. Suppose ¢ s a unimodular function in L. If K is dense in
K, then there ezists a nonzero positive constant €(v) such that for any v € (L>°);*

ITg fllz > e@)lifll2, € vH?,

and infve(Lm);x e(v) > 0 if and only if ||¢ + H®|| < 1. Ifdim N, = n < oo, it 1s

sufficient that v ranges only over € instead of (L)
The proof follows from Theorems 1 and 2.

THEOREM 8. Let m be a unique logmodular measure in N, and ¢ a unimodular
function in L. T 1s left invertible for every v in & of and only if ||¢+ H®|| < 1.

The proof follows from Theorem 3.

5. Concrete examples. All results in this paper were known in the disc
algebra. We shall now apply them to some other concrete examples.

(I) Let Y be a compact subset of the plane, and let R(Y) be the uniform closure
of the rational functions in C(Y). We regard R(Y) as a uniform algebra on its
Shilov boundary, the topological boundary X of Y. Suppose the complement of Y¢
of Y has a finite number n of components and the interior Y° of Y is a nonempty
connected set. Let A = R(Y)|X; then Mgy =Y. If 1 € M4 is in Y° and m is
harmonic measure, then m is a unique logmodular measure of N, and dim N, =
n < 0o (7, p. 116]. Then N*° C C(X). Theorems 3, 6, and 8 apply to this situation.
Then Theorem 8 is essentially a theorem of Abrahamse [1, Theorem 4.1].

(IT) Let A be the disc algebra and let A be a subalgebra of A4 which contains the
constants and which has finite codimension in 4. Two examples of such subalgebras
are {f € 4, f'(0) = 0} and {f € 4; f(0) = f(3)}. Anderson and Rochberg (3,
p. 815] described A. Let b be a finite Blaschke product. b4 is a closed ideal in A
and hence A/bA is a finite dimensional algebra. Let H be any subspace of A4 with
the property that the image of H in A/bA is a subalgebra of 4/bA which contains
the identity. The set A = {a € A: f = h + bg for some h € H, g € A} is a
subalgebra of A4 and has finite codimension. By a theorem of Gamelin (6], these
are the only such subalgebras. If 7(f) = f(0) for f € A and m is the normalized
Lebesgue measure on the circle T, then it is easy to check that m is a core point
of N; and N*° C C(T). Hence we can apply Theorem 2, and Propositions 5 and
7. Anderson and Rochberg (2] studied when T is left invertible and they got a
theorem. Their characterization is different from ours. If u is a finite complex
measure which annihilates A + N° (A resp.) then pu = kdm for some k in H}
(H} + N resp.). Thus H} = (C(T)/A+ N2®)* and H} + N> = (C(T)/A)*. For
b€ L set K(f) = [ fodm (f € HY+N) and K (f) = [ fpdm (f € HY).
Then K{ € (H} + N°)* and K§? € (H)*. By duality K" = ||¢ + H=||
and K7 = ||¢ + H® + N||. Hence if ¢ € C(T) there exists F, € Hi + N
and F, € H} such that ||Fj|; = 1 and ]|K§,’)|| = Kg)(Fj) for j = 1,2. Since
log |F;| € L', log|Fj| = u; + ujo, where ujo € N and u; is in the annihilator
of N°°. This gives the factorization of Fj such that Fj = b;h2, where h; is an
outer function in H? with |hj|?> = €%/ and b; is a function with [b;| = e*°. Then
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by € H} + N® and by € H}. F; = h;. b;h; and

/|F|dm /]h 2vj dm = /|b hJ|2v_

where vj = |bj| € €. Thus |[H{""|| = ¢+ H*| and |[H{?|| = |¢+H™ + N|.
For ¢ € C(T) this shows Theorem 3. Unfortunately, we could not show this for all
¢ € L*°. Similar ideas give some versions of Theorems 6 and 8.

(III) The unit polydisc U™ and the torus T™ are cartesian products of n copies
of the unit disc U and of the unit circle T', respectively. A(U™) is the class of all
continuous complex functions on the closure U of U™ with holomorphic restrictions
to U™ is holomorphic there. Let A = A(U")|X and X = T™. This is the so-called
polydisc algebra. For simplicity we assume n = 2. Let m be normalized Lebesgue
measure; then m is a representing measure for 7 on X where 7(f) = f(0) and
0 € U2 Suppose 1 < p < oo and Z% = {(n,m) € Z%; n > 0 and m > 0}. Then

= {f € LP; f(n,m) = 0 if (n,m) ¢ Z2} and K? = {f € LP; f(n,m) = 0 if
(—n,—m) € Z2}. K= is dense in KP. We can apply Theorem 1, and Propositions
5 and 7.

I am very grateful to the referee who improved the exposition in the first draft

of this paper.
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